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Abstract

The expressive capabilities of probabilistic cir-
cuits (PCs) in both the exact and approximate case
have been the subject of extensive study. However,
sample complexity, which provides approximation
guarantees probabilistically remains relatively un-
studied for PCs. In pursuit of better understanding
the capacity of PCs to approximate distributions,
we investigate the sample complexity of learning
the parameters of deterministic and decomposable
PCs. By restricting to the case where the PC struc-
ture of the true distribution is known, we are able
to achieve tight bounds for the Hellinger distance
and reverse KL divergence, as well as providing
results for the total variation distance.

1 INTRODUCTION

Probabilistic circuits (PCs) are deep generative models that
compactly represent probability distributions through the
composition of sum, product, and leaf gates. PCs can be seen
as encompassing many families of tractable probabilistic
models—models that support exact and efficient inference
of various queries—and the expressive efficiency of PC
classes has been studied extensively in the case of exact
representation, as well as, to a lesser degree, approximate
case [11, 4, 8, 22, 23, 12, 15, 17]. However, even though
PCs are often learned from data in practice, analysis of the
sample complexity of learning PCs remains underexplored;
with the sole existing work on the matter covering only the
class of tree-shaped sum product networks [1].

In pursuit of further understanding the capabilities of PCs
to approximate distributions, this work derives the sam-
ple complexity of learning the parameters of deterministic
and decomposable PCs, in the restricted case of known
structure. We assess the sample complexity under a number
of f -divergences—namely the total variation distance, the

Hellinger distance, and the reverse Kullback-Leibler (KL)
divergence. For Hellinger and reverse KL divergence we
obtain tight upper and lower bounds, resulting in a sam-
ple complexity of Θ(S+log(1/δ)

ϵ2 ) and Θ(S+log(1/δ)
ϵ ) respec-

tively, where S is the size of the PC. For the total variation
distance we obtain an upper bound on the sample complexity
of O(S+log(1/δ)

ϵ2 ) and a lower bound of Ω(S+log(1/δ)
ϵ ).

2 PRELIMINARIES

Notation In this work we will use x to denote instantia-
tions of variables. Our error parameter will always be de-
noted by ϵ, and our confidence parameter will be written as
δ. To distinguish the two, we will have P̂ be our distribution
learned from samples and P be the true distribution.

2.1 SAMPLE COMPLEXITY

For a given distance measure D, we wish to characterize the
total number of samples from a distribution P that is needed
to learn it within distance ϵ > 0, with error probability
δ ∈ (0, 1]:

Pr[D(P̂ ||P ) ≤ ϵ] ≥ 1− δ

We will write the sample complexity in shorthand as
Φ(D, ϵ, δ); this work specifically considers the cases where
D can be total variation distance, reverse KL divergence, or
the Hellinger distance.

Definition 2.1. The total variation distance (TVD), reverse
KL divergence, and squared Hellinger distance between
two probability distributions P and P̂ over a set of Boolean
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variables X are defined respectively as:

DTV(P̂∥P ) =
1

2

∑
x

∣∣∣P̂ (x)− P (x)
∣∣∣ ,

DKL(P̂∥P ) =
∑
x

P̂ (x) log(
P̂ (x)

P (x)
),

DH(P̂∥P )2 = 1−
∑
x

√
P̂ (x)P (x).

Note here that we use the squared Hellinger for the majority
of our proofs due to its properties such as tensorization, but
the bounds trivially extend to the Helliger distance.

2.2 PROBABILISTIC CIRCUITS

Probabilistic circuits (PCs) [8] provide a unifying frame-
work for a wide class of tractable probabilistic models,
including arithmetic circuits [10], sum-product networks
[19], cutset networks [20], probabilistic sentential decision
diagrams [14], and bounded-treewidth graphical models
[13, 9].

Definition 2.2 (Probabilistic circuits). A probabilistic cir-
cuit (PC) C := (G, θ) represents a joint probability distri-
bution p(X) over random variables X through a directed
acyclic graph (DAG) G parameterized by θ. The DAG is
composed of 3 types of nodes: leaf, product ⊗, and sum ⊕
nodes. Every leaf node in G is an input, and every internal
node receives inputs from its children in(n). The number
of children at node n is denoted as ch(n). The scope of a
given node, ϕ(n), is a recursively defined function which
associates to each unit n a subset of X: for each non-input
unit n, ϕ(n) = ∪c∈in(n)ϕ(c), and the scope of a leaf node is
a single variable in X. Naturally, the scope of the root node
is X. Each node n of a PC is then recursively defined as:

pn(x) :=


l(x), if n is a leaf∏
c∈in(n) pc(x) if n is a ⊗∑
c∈in(n) θn,cpc(x) if n is a ⊕

(1)

where θn,c ∈ [0, 1] is the parameter associated with the edge
connecting nodes n, c in G, and

∑
c∈in(n) θn,c = 1. In this

paper, we assume l(x) at a leaf node is a Boolean indica-
tor function: i.e., 1[x = 1] or 1[x = 0]. The distribution
represented by the circuit is the output at its root node.

Probabilistic circuits ensure the tractability of a variety of
queries by composing sum and product gates under spe-
cific conditions. In this work we focus on circuits that are
deterministic and decomposable 1.

1Smoothness is necessary, but we can trivially smooth our
circuit in O(n2) if necessary [8]
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Figure 1: A smooth, decomposable, and deterministic PC
(weights shown only for the root for conciseness).

Definition 2.3 (Smoothness and decomposability). A sum
unit is smooth if its children have identical scopes: ϕ(c) =
ϕ(n), ∀c ∈ in(n). A product unit is decomposable if its
children have disjoint scopes: ϕ(ci) ∩ ϕ(cj) = ∅, ∀ci ̸=
cj ∈ in(n). A PC is smooth and decomposable iff every
sum unit is smooth and every product unit is decomposable.

Definition 2.4 (Determinism). A sum node is deterministic
if, for any fully-instantiated input, the output of at most one
of its children is nonzero. In other words, the supports of its
children are mutually disjoint. A PC is deterministic iff all
of its sum nodes are deterministic.

Figure 1 depicts an example PC that is smooth, decompos-
able, and deterministic.

Deterministic and decomposable PCs have a very useful
property when looking at their joint probability distribution.
See that for a given variable instantiation X = x, we have
that the circuit admits only a single tree-shaped path through
the PC [7]. Thus, to compute the mass function2, we can
simply multiply together the parameters associated with the
tree defined by x. We denote the tree defined by x as tree(x),
and thus P (x) =

∏
e∈tree(x) θe.

Deterministic and decomposable PCs also admit closed-
form maximum-likelihood estimation of their parameters
[16]. This closed form can be thought of simply as counting
the number of samples that reach a child edge c at a sum
node n, divided by the total number of samples to reach that
same sum node n. Mathematically, this can be formalized
with the following notions:

Definition 2.5 (Flows). The flow Fn,c(x) of any edge
(n, c) in a PC given variables assignments x is defined as
I[x ∈ γn ∩ γc] where I[·] is the indicator function. The flow
Fn,c(D) with respect to a dataset D = {x(i)}Ni=1 is the sum
of the flows of all samples: Fn,c(D) =

∑N
i=1 Fn,c(x

(i)).

It has been shown that the flow for all edges in a PC can be
computed by a forward and backwards pass, which are both
linear time in the size of the circuit. The MLE parameters

2Or density function



are computed using as follows [14]:

∀(n, c) : θ∗n,c =
Fn,c(D)∑

c∈in(n) Fn,c(D)
(2)

3 LEARNING PROBABILISTIC
CIRCUITS

3.1 MLE REDUCES TO EMPIRICAL ESTIMATION

Given that we can learn the MLE parameters in closed form
for a deterministic and decomposable PC, we will use the
definition to reduce to learning an empirical distribution
over a set of categories. Essential to this argument is the
latent variable interpretation of PCs [18], which directly cor-
responds to learning a discrete (categorical) distribution over
the choices of children at each sum node. This is formalized
in the following,

Lemma 3.1 (Sum nodes as CPTs). Suppose we have a sum
node n with latent variable Z, latent variable assignment z,
and a set of parameters {θ1, θ2, . . . , θm}. The probability
of a given weight is defined as follows:

n(Z = k|z) =

{
θk if z ∈ Z

θ̄k if z ∈ Z̄

Now, let us suppose the optimal distribution over the param-
eters as the true discrete distribution, which will be denoted
as Pn, for a given sum node n. Under this setting, see that
updating parameters via the MLE algorithm in a determin-
istic and decomposable PC is equivalent to learning the
empirical estimator of a discrete distribution.

Proposition 3.2. Given a deterministic sum node n with
parameters {θ1, . . . , θs} and samples D = {x(j)}Mj=1,
learning the optimal sum node n′ using the maximum
log-likelihood algorithm is equivalent to learning a dis-
crete distribution P with the empirical estimator P̂ (i) =
1
M

∑M
j=1 I[x(j) = c] for c ∈ {1, 2, . . . , ch(n)}.

Proof. Let n be a deterministic sum node with parameters
{θ1, . . . , θs}. For a given datasetD, we learn the parameters
as

θ∗n,c =
Fn,c(D)∑

c∈in(n) Fn,c(D)

=
I[x ∈ γn ∩ γc]∑

c∈in(n) I[x ∈ γn ∩ γc]

=

∑M
j=1 I[x(j) ∈ γn ∩ γc]∑

c∈in(n)

∑M
j=1 I[x(j) ∈ γn ∩ γc]

.

As we are only concerned with one sum node, we fix n and
see that under the latent variable interpretation the above is

equivalent to a sum node choosing one category in a discrete
distribution:∑M

j=1 I[x(j) = c]∑
c∈in(n)

∑M
j=1 I[x(j) = c]

=

∑M
j=1 I[x(j) = c]

M
.

Thus, learning the optimal sum parameters using the max-
imum log-likelihood algorithm is equivalent to learning a
discrete distribution with the empirical estimator.

This connection immediately allows us to derive sample
complexity results for a single deterministic sum node; how-
ever, PCs can be so much more than just a single sum node.

4 TIGHT SAMPLE COMPLEXITY
RESULTS

Extending the sample complexity results for learning dis-
crete distributions with the empirical estimator is non-trivial
to extend beyond a single sum node for the following rea-
sons: (1) the number of samples that reach a given sum node
n, denoted mn, is distributed as B(M,p(γn)), where M
is the total number of samples taken at the root and p(γn)
is the probability of reaching node n, (2) the number of
samples is dependent on the number of samples to reach a
given nodes parent, and (3) the distance between nodes with
a smaller p(γ) have a smaller effect on the overall sample
complexity, and thus using the naive method of approximat-
ing each sum within ϵ can result in far more samples than
truly required.

Extending beyond one sum node, we are able to find the
tight sample complexity bound to be as follows,

Theorem 4.1 (Sample Complexity of Learning a Determin-
istic and Decomposable PC). Let P̂ be a deterministic and
decomposable probabilistic circuit of size S. Then,

Φ(DKL(P̂∥P ), S, ϵ, δ) = Θ(
S + log(1/δ)

ϵ
),

Φ(DH(P̂∥P ), S, ϵ, δ) = Θ(
S + log(1/δ)

ϵ2
).

We also obtain results for the total variation distance; though
they are not tight,

Corollary 4.2. Let P̂ be a deterministic and decomposable
probabilistic circuit of size S. Then,

Φ(DTV(P̂∥P ), S, ϵ, δ) = Ω(
S + log(1/δ)

ϵ
),

Φ(DTV(P̂∥P ), S, ϵ, δ) = O(
S + log(1/δ)

ϵ2
).



Note here that the form of our bounds looks quite similar
to the upper and lower bounds on learning discrete distribu-
tions from [5].

4.1 THE UPPER BOUND

Here, we would like to remind that we are using the reverse
KL divergence: DKL(P̂∥P ). This is necessary as enforc-
ing a learning guarantee less than ϵ with the standard KL
divergence requires learning arbitrarily small probabilities
without approximating with a trivial 0 [5]. Thankfully the
following inequalities still hold,

Lemma 4.3 (Divergence Inequalities [6]). Let P̂ and
P be probability measures, then the following in-

equalities hold (1) DTV(P̂∥P ) ≤
√

1
2DKL(P̂∥P ), (2)

1
2DTV(P̂∥P )2 ≤ DH(P̂∥P )2 < DTV(P̂∥P ), (3)
DH(P̂∥P )2 < 1

2DKL(P̂∥P ).

Furthermore, the reverse KL divergence between determin-
istic and decomposable PCs have the following useful prop-
erty,

Lemma 4.4 (Deterministic reverse KLD Decomposition).
Let P̂ be a deterministic and decomposable PC with the
same structure as the true distribution P . The reverse KL
divergence DKL(P̂∥P ) can be decomposed as

DKL(P̂∥P ) =
S∑
n=1

P̂ (γn)DKL(θ̂n,c∥θn,c),

where P̂ (γn) is the probability of reaching sum node n
under the learned circuit, S is the total number of sum
nodes, and DKL(θ̂n,c∥θn,c) is the reverse KL divergence of
the children of node n.

Proof sketch. For the full proof see Appendix A.2. First use
the fact that as P̂ , P are deterministic and thus for a given x
follow a tree through the circuit. This allows us to turn the
logarithmic term into

∑
e∈tree(x) log(

θ̂e
θe
). Using indicator

functions we can change this to be sums over the nodes
and children. Plugging this reformulated version into the
expectation definition of the reverse KL divergence we use
simple algebra to achieve the final result.

As the reverse KL divergence provides a simple formulation
(only having to look at the distance between each pair of
sum nodes), we will utilize this along with Lemma 4.3 to
construct all 3 of our upper bounds as

Pr[DKL(P̂∥P ) ≤ ϵ] ≤ 1− δ

=⇒ Pr[DTV(P̂∥P ) ≤
√
ϵ/2] ≤ 1− δ

=⇒ Pr[DH(P̂∥P )2 ≤ ϵ/2] ≤ 1− δ.

We will take inspiration from Agrawal [2] to bound
Pr[DKL(P̂∥P ) ≤ ϵ] ≤ 1− δ by first showing that,

Theorem 4.5. For P a deterministic and decomposable
PC and P̂ learned with MLE for the same structure, for all
ϵ > S(w−1)

M it holds that

Pr[DKL(P̂∥P ) ≥ ϵ] ≤ e−ϵM
(

ϵeM

S(w − 1)

)S(w−1)

where S is the number of sum nodes and w is the maximum
width (or maximum number of children for a sum node).

To prove this theorem, we follow a simple road-map, (1) use
Lemma 4.4 to decompose into only upper bounding each
sum node, (2) use the Law of Total Expectation to fix the
number of samples to each sum node n, (3) take the upper
bound from [2] for each sum node with a fixed number of
samples, and (4) take a Chernoff bound.

The upper bound required for this strategy comes directly
from [2],

Theorem 4.6. For P a categorical distribution over k cat-
egories and P̂ the empirical estimator with n samples, it
holds that for all 0 ≤ t < n,

E[exp(tDKL(P̂∥P ))] ≤
(

1

1− t/n

)k−1

.

This allows us to trivially upper bound the MGF for each
sum node if the number of samples to reach this sum node
is fixed, as such we are ready for our proof.

Proof sketch. We provide only a proof sketch here, de-
ferring the completed proof to Appendix A.3. See that
by Lemma 4.4 we can write E[exp(tDKL(P̂∥P ))] =
E[exp(t

∑
n P̂ (γn)DKL(P̂n,c∥P )n,c)]. Then, using the law

of total expectation, we can show that

E[exp(tDKL(P̂∥P ))]

= Em[
∏
n

E[exp(t
mn

M
DKL(θ̂n,c∥θn,c)|mn]]

Then, upper bounding each individual
E[exp(tmn

M DKL(θ̂n,c∥θn,c)|mn] using Theorem 4.6
we yield an upper bound which can be plugged into a
Chernoff bound. This gives us our final result by taking the
complement of DKL(P̂∥P )) ≥ ϵ.

Using this probabilistic inequality, we can follow the argu-
ment from Canonne [5] to finally prove our upper bound
from Theorem 4.1,

Proof of Upper Bound in Theorem 4.1. Using the change
of exponent rules, we rewrite Theorem 4.5 as

Pr[DKL(P̂∥P ) ≥ ϵ] ≤ eS(w−1) log( ϵeM
S(w−1)

)e−ϵM

= e−ϵM+S(w−1) log( ϵeM
S(w−1)

)



Now using the fact that for M ≥ 15S(w−1)
eϵ we have S(w −

1) log( eϵM
S(w−1) ) <

Mϵ
2 . Thus, for M ≥ 15S(w−1)

eϵ

Pr[DKL(P̂∥P ) ≥ ϵ] ≤ e−
Mϵ
2

Finally, setting e−
Mϵ
2 ≤ δ we get that M ≥ 2 log(1/δ)

ϵ

implies that Pr[DKL(P̂∥P ) ≥ ϵ] < δ. Thus, we guarantee
learningDKL(P̂∥P ) ≤ ϵwith probability 1−δ using at least
O(S+log(1/δ)

ϵ ) samples. The extension to the KL divergence
and squared Hellinger distance follows from Lemma 4.3,
which results a learning guarantee for DTV(P̂∥P ) ≤ ϵ
and DH(P̂∥P )2 < ϵ with probability 1 − δ using at least
O(S+log(1/δ)

ϵ2 ) samples.

4.2 THE LOWER BOUND

As we have seen with the upper bound, proving the sam-
ple complexity of a deterministic and decomposable PC
uses remarkably similar techniques to the simple categorical
case. The lower bound is no exception to this. The standard
way of proving the sample complexity lower bound for a k
category discrete distribution is outlined in [5], where the
goal is to use Assouad’s lemma [3] in conjunction with the
hardness of estimating the bias of a coin. Notice that this
technique does not rely on any specific learning algorithm
for a deterministic and decomposable PC, and thus is truly
a lower bound.

The construction will proceed as follows: (1) construct a
family of circuits by perturbing pairs of sum node parame-
ters (2) get upper and lower bounds on the squared Hellinger
distance, (3) use Assouad’s lemma to get a lower bound on
the expected Hellinger distance, and (4) finish off with the
hardness of estimating a coin’s bias.

Lemma 4.7 (PC Family Construction). There exists a family
of 2S(w−1)/2 distributions over deterministic and decom-
posable PCs such that for all v, v′ ∈ {−1, 1}S(w−1)/2

DH(Pv∥Pv′)2 ≥ 8ϵ2

S(w − 1)
H(v, v′)

where H(v, v′) is the Hamming distance between v, v′.
Furthermore, for all v, v′ ∈ {−1, 1}S(w−1)/2 such that
H(v, v′) = 1,

DH(Pv∥Pv′)2 ≤ 64ϵ2

S
.

Proof sketch. The complete proof can be found in Ap-
pendix A.4. The construction starts from a simple idea, let
P be the distribution that is uniform over all sum nodes,
i.e. θn,c = 1

ch(n) . Then, define Pv = 1
ch(n) + vτn and

Pv′ = 1
ch(n) + v′τn. Using a number of basic inequali-

ties, we find that the resulting function has a component
which is equivalent to a partition function. Evaluating this

and using another set of inequalities establishes the lower
bound on DH(Pv∥Pv′)2.

The construction yields the upper bound in a far more intu-
itive manner. See that flipping one bit to be different results

in
√
Pvc(x)Pv′c(x) =

√
( 1
ch(n)

2 − τ2n) for the bit where
vc ̸= v′c.

See that the following definition of Assouad’s lemma when
combined with our constructed circuits will directly provide
a lower bound:

Theorem 4.8 (Assouad’s Lemma [3]). Let T ⊆ τn(Ω) be
a family of probability distributions. Suppose there exists a
family of H ⊆ T of 2r distributions and constants α, β > 0
such that, writing H = {Pz}z∈{−1,1}r ,

1. for all v, v′ ∈ {−1, 1}r, the distance between Pv, Pv′
is at least proportional to the Hamming distance:

DH(Pv∥Pv′)2 ≥ αH(v, v′)

2. for all v, v′ ∈ {−1, 1}r with H(v, v′) = 1, the
squared Hellinger distance of Pv, Pv′ is small:

DH(Pv∥Pv′)2 ≤ β

Then, for all M ≥ 1,

inf
P̂

sup
P

Es1,...,sM [DH(P̂∥P )2] ≥
α

4
r(1− β)2M .

Note that this is a modified version of Assouad’s lemma
from what appears in [6] to instead lower bound the expected
squared Hellinger, we provide an overview of this adjusted
version in Appendix A.5. Using this version of Assouad’s
lemma in conjunction with the construction from Lemma 4.7
we obtain the following lower bound proof.

Proof of Lower Bound in Theorem 4.1. Plugging in α =
8ϵ2

S(w−1) , r = Sch(n)
2 , and β = 64ϵ2

S we get the following:

inf
A∈AM

sup
D∈T

Es1,...,sM∼D[DH(D∥D̂A)
2]

≥ 1

4
αr(1− β)2M

=
1

4

8ϵ2

S(w − 1)
re−2 4ϵ2

S M

Now, see that to have any hope of achieving an error of ϵ2,
we must have that e−2M 4ϵ2

S ≤ 1/2, (or really any constant
less than 1

e−2M 4ϵ2

S ≤ log(1/2)

−2M

(
4ϵ2

S

)
≤ − log(2)

M ≥ S log(2)

8ϵ2



which in turn shows that M = Ω( Sϵ2 ). Additionally, in
our current problem setup we can be seen as attempting to
learn the bias of a coin for a single pair of our perturbed
variables, 1

ch(n) + τn,
1

ch(n) − τn. In the learning theory
literature this is a well studied task, and a lower bound
on the sample complexity of learning this with probability
1− δ is Ω( log(1/δ)ϵ2 ). Thus, to account for the hardness via
Assouad’s lemma and the hardness of learning the bias of
our perturbed variables, we have that

M = Ω(max(
S

ϵ2
,
log(1/δ)

ϵ2
)) = Ω(

S + log(1/δ)

ϵ2
).

Taking our distance metrics to then be the Hellinger distance
and the reverse KL divergence, we see that if DH(P̂∥P )2 ≤
ϵ2 then DH(P̂∥P ) ≤ ϵ and DKL(P̂∥P ) ≤ ϵ

2 . Ignoring
constants, this proves that

Φ(DKL(P̂∥P ), S, ϵ, δ) = Ω(
S + log(1/δ)

ϵ
),

Φ(DH(P̂∥P ), S, ϵ, δ) = Ω(
S + log(1/δ)

ϵ2
).

The above proof also provides the map for proving the lower
bound in Corollary 4.2.

Lower bound in Corollary 4.2. As DKL(P̂∥P )2 ≤
DTV(P̂∥P ) we cannot simply propagate our bound above
as desired. However, see that the exact same argument holds
in setting τ2n = 16ϵ2

Sch(n)2 , which implies that M = Ω( Sϵ2 )
and thus

Φ(DTV(P̂∥P ), S, ϵ, δ) = Ω(
S + log(1/δ)

ϵ
),

Φ(DTV(P̂∥P ), S, ϵ, δ) = O(
S + log(1/δ)

ϵ2
).

It is worthwhile noting here that using the construction
from Lemma 4.7 this is the best lower bound for to-
tal variation distance we can achieve by lower bounding
DH(P̂∥P )2. In order to improve our lower bound on the
total variation distance, we would need to find a differ-
ent constant α such that DTV(Pv∥Pv′) ≥ αH(v, v′). This
is due to the fact that improving our current α with re-
spect to the squared Hellinger such that we could derive
Φ(DTV(P̂∥P ), ϵ, δ) = Ω(S+log(1/δ)

ϵ2 ) would also imply
that Φ(DTV(P̂∥P ), ϵ, δ) = Ω(S+log(1/δ)

ϵ4 )! Which is an ob-
vious contradiction to the upper bound we have derived in
Theorem 4.1.

5 CONCLUSION

For deterministic and decomposable PCs over Boolean in-
dicator leaves, we have proven tight lower bounds on the
sample complexity when utilizing the Hellinger and KL di-
vergence; as well as weaker bounds for the total variation
distance. However, this does not resolve all possible ques-
tions in this area. Future work would be wise to investigate
dropping determinism, as while our current lower bound
technique would hold, the upper bound technique would
need to radically change due to a lack of closed form MLE.
Further work in this area should also be dedicated to learn-
ing the structure of the PC with samples, as well as finding
more sophisticated techniques to deal with the numerous
types of leaves.
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A PROOFS

A.1 PROOF OF PROPOSITION 3.2

Proof. Let Ŝ be a deterministic sum node with parameters {θ1, . . . , θm}. For a given dataset D, we learn the parameters as

θ∗n,c =
Fn,c(D)∑

c∈in(n) Fn,c(D)

=
I[x ∈ γn ∩ γc]∑

c∈in(n) I[x ∈ γn ∩ γc]

=

∑N
j=1 I[x(j) ∈ γn ∩ γc]∑

c∈in(n)

∑N
j=1 I[x(j) ∈ γn ∩ γc]

.

As we are only concerned with one sum node, we fix n and see that under the latent variable interpretation the above is
equivalent to a sum node choosing one category in a discrete distribution:

∑N
j=1 I[x(j) = c]∑

c∈in(n)

∑N
j=1 I[x(j) = c]

=

∑N
j=1 I[x(j) = c]

N
.

Thus, learning the optimal sum parameters using the maximum log-likelihood algorithm is equivalent to learning a discrete
distribution with the empirical estimator.

A.2 PROOF OF LEMMA 4.4

Proof.

∀x : log(
P̂ (x)

P (x)
) = log(

∏
e∈tree(x) θ̂e∏
e∈tree(x) θe

)

=
∑

e∈tree(x)

log(
θ̂e
θe

)

=
∑
n

∑
c

log(
θ̂n,c
θn,c

)I((n, c) ∈ tree(x))

Next, we can use the expectation definition of the reverse KL divergence:

DKL(P̂∥P ) = Ex∈P̂ [log(
P̂ (x)

P (x)
)]

= Ex∼P̂ [
∑
n

∑
c

log(
θ̂n,c
θn,c

)I((n, c) ∈ tree(x))]

=
∑
n

∑
c

log(
θ̂n,c
θn,c

)Ex∼P̂ [I((n, c) ∈ tree(x))]

It is a commonly used fact that for an event A, E[I(A)] = P (A). Our event in this case can be seen as two parts: (1) n is in



tree(x) for a given x, (2) c is the next child chosen by the sum node. Thus,∑
n

∑
c

log(
θ̂n,c
θn,c

)Ex∼P̂ [I((n, c) ∈ tree(x))] =
∑
n

∑
c

log(
θ̂n,c
θn,c

)P̂ (n ∈ tree(x) ∧ c is chosen)

=
∑
n

∑
c

log(
θ̂n,c
θn,c

)P̂ (n ∈ tree(x))P̂ (c is chosen |n ∈ tree(x))

=
∑
n

∑
c

log(
θ̂n,c
θn,c

)P̂ (γn)θ̂n,c

=
∑
n

P̂ (γn)
∑
c

θ̂n,c log(
θ̂n,c
θn,c

)

=
∑
n

P̂ (γn)DKL(P̂c∥Pc).

A.3 PROOF OF THEOREM 4.5

Proof of Theorem 4.5. Let P̂ be a deterministic and decomposable PC learned using the MLE from the true dis-
tribution P which is a PC of the same structure. Then by Lemma 4.4, we have that E[exp(tDKL(P̂∥P ))] =
E[exp(t

∑
n P̂ (γn)DKL(P̂n,c∥Pn,c))]. Next, use the law of total expectation and condition to fix the mn’s to some value.

E[exp(t
∑
n

P̂ (γn)DKL(P̂n,c∥Pn,c))]

= Em[E[exp(t
∑
n

mn

M
DKL(P̂n,c∥Pn,c))|(m1, . . . ,ms)]]

= Em[E[
∏
n

exp(t
mn

M
DKL(θ̂n,c∥θn,c)|(m1, . . . ,ms)]]

= Em[
∏
n

E[exp(t
mn

M
DKL(θ̂n,c∥θn,c)|mn]]

As such, it is easy to see that we can view each DKL(θ̂n,c∥θn,c) as P being a categorical distribution over |ch(n)| categories
conditioned on having mn samples each. Which fixes mn, and allows us to use Theorem 4.6,

E[exp(t
mn

M
DKL(θ̂n,c∥θn,c)|mn]

≤
(

1

1− tmn
M

mn

)|ch(n)|−1

=

(
1

1− t
M

)|ch(n)|−1

.

Thus we can see that setting w = maxn |ch(n)|,

Em[
∏
n

E[exp(t
mn

M
DKL(θ̂n,c∥θn,c)|mn]]

≤ Em[
∏
n

(
1

1− t
M

)|ch(n)|−1

]

≤ Em[

(
1

1− t
M

)S(w−1)

]

=

(
1

1− t
M

)S(w−1)

.



Using a standard Chernoff bound, we then have that for 0 ≤ t < M we have that

Pr[DKL(P̂∥P ) ≥ ϵ] ≤ inf
t∈[0,M)]

e−tϵE[etDKL(P̂∥P )]

≤ inf
t∈[0,M)]

e−tϵ
(

1

1− t
M

)S(w−1)

,

Choose t
M = 1− S(w−1)

ϵM , then for all ϵ > S(w−1)
M ,

Pr[DKL(P̂∥P ) ≥ ϵ] ≤ e−tϵ
(

1

1− t
M

)S(w−1)

≤ e−ϵM
(

ϵeM

S(w − 1)

)S(w−1)

which completes the proof of Theorem 4.5.

A.4 PROOF OF LEMMA 4.7

Proof. Let P be a distribution such that at each sum node n, θn,c = 1
ch(n) and each sum node has an even number of

children. We provide the perturbed distribution notation as Pv where at each sum node, half of the children will be perturbed
and the other half will be dependent variables; the value of said sum node parameters will be θn,c[vc] = 1

ch(n) + vcτn where

∀n, τn =
√

16ϵ2

S(w−1)2 and vc ∈ {−1, 1}, and remember w is the maximum sum node width. Then v ∈ {−1, 1}ρ where ρ is
the total number of permuted variables in the circuit. We first look to lower bound the squared Hellinger distance for all
v, v′ ∈ {−1, 1}ρ.

DH(Pv∥Pv′) = 1−
∑
x

√
Pv(x)Pv′(x)

= 1−
∑
x

√∏
n

∏
c

(θn,c[vc]θn,c[v′c])
I((n,c)∈tree(x))

= 1−
∑
x

√∏
n

∏
c|vc=v′c

(θn,c[vc]θn,c[v′c])
I((n,c)∈tree(x))

√∏
n

∏
c|vc ̸=v′c

(θn,c[vc]θn,c[v′c])
I((n,c)∈tree(x))

= 1−
∑
x

∏
n

∏
c|vc=v′c

θn,c[v]
I((n,c)∈tree(x))

√∏
n

∏
c|vc ̸=v′c

(θn,c[vc]θn,c[v′c])
I((n,c)∈tree(x))

= 1−
∑
x

∏
n

∏
c|vc=v′c

(
1

ch(n)
+ vcτn)

I((n,c)∈tree(x))

√√√√∏
n

∏
c|vc ̸=v′c

(
(

1

ch(n)
+ τn)(

1

ch(n)
− τn)

)I((n,c)∈tree(x))

= 1−
∑
x

∏
n

∏
c|vc=v′c

(
1

ch(n)
+ vcτn)

I((n,c)∈tree(x))
∏
n

∏
c|vc ̸=v′c

√(
1

ch(n)2
− τ2n

)I((n,c)∈tree(x))

≥ 1−
∑
x

∏
n

∏
c|vc=v′c

(
1

ch(n)
+ vcτn)

I((n,c)∈tree(x))
∏
n

∏
c|vc ̸=v′c

1

ch(n)

√(
1− τ2nch(n)

2

)I((n,c)∈tree(x))



Using the trivial inequality
√
1− x ≤ 1− x

2 ,

DH(Pv∥Pv′) ≥ 1−
∑
x

∏
n

∏
c|vc=v′c

(
1

ch(n)
+ vcτn)

I((n,c)∈tree(x))
∏
n

∏
c|vc ̸=v′c

1

ch(n)

(
1− τ2nch(n)

2

2

)I((n,c)∈tree(x))

= 1−
∑
x

∏
n

∏
c|vc=v′c

(
1

ch(n)
+ vcτn)

I((n,c)∈tree(x))
∏
n

∏
c|vc ̸=v′c

(
1

ch(n)
− τ2nch(n)

2

)I((n,c)∈tree(x))

= 1−
∑
x

∏
n

∏
c|vc=v′c

(
1

ch(n)
+ vcτn)

I((n,c)∈tree(x))
∏

c|vc ̸=v′c

(
1

ch(n)
− τ2nch(n)

2

)I((n,c)∈tree(x))

Now, for the same structured circuit define a different set of weights! This time, define each sum node parameter as follows:

ψn,c =

{
1

ch(n) + vcτn if vc = v′c
1

ch(c) −
τ2
nch(n)

2 if vc ̸= v′c

Then the above becomes more simple,

DH(Pv∥Pv′) ≥ 1−
∑
x

∏
(n,c)∈tree(x)

ψn,c.

We have just returned to doing a simple forward pass through our circuit structure, albeit with modified weights this time!
First, let’s consider what happens at a single sum node n. If vc = v′c then we know that our weight is of the form 1

ch(n)+vcτn;
however, we set up the original weights in the PC as pairs, and as such we have a remaining 1

ch(n) − vcτn term. Thus for all
matching vc, v′c we have that ∑

vc=v′c

1

ch(n)
+ vcτn +

1

ch(n)
− vcτn =

∑
vc=v′c

2

ch(n)
.

In the case that vc ̸= v′c the weight of our edge is 1
ch(c) −

τ2
nch(n)

2 , which we have again paired off in order to maintain

normalization in the original circuit. But, the pair is also equivalent to 1
ch(c) −

τ2
nch(n)

2 . Thus for all non-matched vc, v′c we
have: ∑

vc ̸=v′c

1

ch(c)
− τ2nch(n)

2
+

1

ch(c)
− τ2nch(n)

2
=

∑
vc ̸=v′c

2

ch(n)
− τ2nch(n).

Now, the total sum for this circuit is as follows:∑
c

ψn,c =
∑
vc=v′c

2

ch(n)
+

∑
vc ̸=v′c

2

ch(n)
− τ2nch(n)

=
∑
vc=v′c

2

ch(n)
+

∑
vc ̸=v′c

2

ch(n)
−

∑
vc ̸=v′c

τ2nch(n)

=

( ∑
vc=v′c

2

ch(n)
+

∑
vc ̸=v′c

2

ch(n)

)
−

∑
vc ̸=v′c

τ2nch(n)

Remember that we only perturbed ch(n)/2 parameters, as such
(∑

vc=v′c

2
ch(n) +

∑
vc ̸=v′c

2
ch(n)

)
= ch(n)

2
2

ch(n) = 1. Thus,

for any given sum node we have that: ∑
c

ψn,c = 1−
∑
vc ̸=v′c

τ2nch(n)

= 1− τ2nch(n)
∑
c

I(vc ̸= v′c)



This is not entirely surprising as we are only looking at a single sum node, which is effectively a categorical distribution. To
then see how this propagates through the circuit we must deal with the product nodes.∏

n

ψn,c ≤
∏
n

(1− τ2nch(n)
∑
c

I(vc ̸= v′c)).

Use the following helpful inequality: 1− z ≤ e−z .

∏
n

(1− τ2nch(n)Hn(vc, v
′
c)) ≤

∏
n

e−τ
2
nch(n)Hn(vc,v

′
c)

= e−
∑

n τ
2
nch(n)Hn(vc,v

′
c)

Now use our original assignment of τ2n = 16ϵ2

S(w−1)2 , which results in,

e−
∑

n τ
2
nch(n)Hn(vc,v

′
c) = e

−
∑

n
16ϵ2

S(w−1)2
ch(n)Hn(vc,v

′
c)

≥ e−
16ϵ2

S(w−1)

∑
nHn(vc,v

′
c)

See now that
∑
nHn(vc, v

′
c) is the total hamming distance across all sum nodes! Now enforcing that 16ϵ2

S(w−1) < 1 we have
that 1− e−z ≥ z

2 which gives us,

DH(Pv∥P ′
v)

2 ≥ e−
16ϵ2

S(w−1)

∑
nHn(vc,v

′
c)

≥ 8ϵ2

S(w − 1)
H(v, v′).

For the upper bound on DH(Pv∥Pv′)2, see the following:

DH(Pv∥Pv′)2 = 1−
∑
x

√
Pv(x)Pv′(x)

= 1−
∑
x

√ ∏
vc=v′c

θe[v]2

√
(

1

ch(n)2
− τ2n)

= 1−
∑
x

∏
vc=v′c

θe[v]
1

ch(n)

√
(1− 16ϵ2

S(w − 1)2
ch(n)2)

Suppose we have the worst case scenario and all ch(n) = w, then as ch(n) ≥ 2, w2

(w−1)2 ≤ 4.

1−
∑
x

∏
vc=v′c

θe[v]
1

ch(n)

√
(1− 64ϵ2

S
)

Now, since ∑
x

∏
vc=v′c

θe[v]
1

ch(n)
= 1,

we have that

1−
∑
x

∏
vc=v′c

θe[v]
1

ch(n)

√
(1− 64ϵ2

S
) = 1−

√
(1− 64ϵ2

S
)

See that for z ∈ [0, 1], 1−
√
(1− z) < z, thus

DH(Pv∥Pv′)2 ≤ 64ϵ2

S
.



A.5 SHORT EXPLANATION OF ASSOUAD’S LEMMA

In Tsybakov [21] see that Assouad’s Lemma is as follows,

Lemma A.1 (Assouad’s Lemma [21]). Let Ω = {0, 1}r be the set of all binary sequences of length m. Let {Pω, ω ∈ Ω} be
a set of 2r probability measures, and let the corresponding expectations be denoted by Eω . Then,

inf
ω̂

max
ω∈Ω

Eω[H(ω, ω̂)] ≥ r

2
min

ω,ω′:H(ω,ω′)=1
inf
ψ

(
Pω(ψ ̸= 0) + Pω′(ψ ̸= 1)

)
where H(ω, ω′) is the Hamming distance between ω and ω′, inf ω̂ denotes the infimum over all estimators taking values in
Ω and where infψ denotes the infimum over all tests taking values in {0, 1}.

Tsybakov [21] makes the observation that

inf
ψ

(
Pω(ψ ̸= 0) + Pω′(ψ ̸= 1)

)
=

∫
min(dPω, dPω′)

in the continuous case. Thus for the discrete case, this is equivalent to

inf
ψ

(
Pω(ψ ̸= 0) + Pω′(ψ ̸= 1)

)
=

∑
x

min(Pω(x), Pω′(x)).

From [21] see that using Le Cam’s inequalities∑
x

min(Pω(x), Pω′(x)) ≥ 1

2
(
∑
x

√
Pω(x)Pω′(x))2.

Now, we are interested in the squared Hellinger distance, which is equivalent to DH(Pω∥Pω′)2 = 1−
∑

x

√
Pω(x)Pω′(x).

As such, if for all ω, ω′ ∈ {0, 1}r we have that DH(Pω∥Pω′)2 < β then we have that
∑

x

√
Pω(x)Pω′(x) > (1 − β). If

we take this over M ≥ 1 samples, we then have
∑

x

√
P⊗M
ω (x)P⊗M

ω′ (x) ≥ (1− β)M

Now, to connect directly to the statement in Theorem 4.8 map ω, ω′ ∈ {0, 1}r to v, v′ ∈ {−1, 1}r, and if we guarantee

1. for all v, v′ ∈ {−1, 1}r, the distance between Pv, Pv′ is at least proportional to the Hamming distance:

DH(Pv∥Pv′)2 ≥ αH(v, v′)

2. for all v, v′ ∈ {−1, 1}r with H(v, v′) = 1, the squared Hellinger distance of Pv, Pv′ is small:

DH(Pv∥Pv′)2 ≤ β,

then using the second condition,

inf
P̂

max
P∈Ω

Ev[H(v, v̂)] ≥ r

4

(∑
x

√
P⊗M
ω (x)P⊗M

ω′ (x)

)2

≥ r

4
(1− β)2M .

Finally, using the first condition,

inf
P̂

max
P∈Ω

Ev[DH(Pv∥Pv′)2] ≥
αr

4
(1− β)2M .
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